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A b s t r a c t  
The paper addresses the problem of determination of the energy 
and momentum coefficients for flows through a partly vegetated channel. 
These coefficients are applied to express the fluid kinetic energy and 
momentum equations as functions of a mean velocity. The study is based 
on laboratory measurements of water velocity distributions in a straight 
rectangular flume with stiff and flexible stems and plastic imitations of 
the Canadian waterweed. The coefficients were established for the vege-
tation layer, surface layer and the whole flow area. The results indicate 
that the energy and momentum coefficients increase significantly with 
water depth and the number of stems per unit channel area. New regres-
sion relationships for both coefficients are given. 
Key words: submerged flexible and rigid vegetation, velocity profile, 
energy and momentum coefficients. 




Understanding the impact of vegetation on water flow conditions has be-
come important in river restoration projects. In the last decades a turbulent 
flow structure in rivers and channels with vegetation have been extensively 
studied by Nepf and Vivoni (2000), Nepf and Ghisalberti (2008), Nepf 
(2012), Cameron et al. (2013), Poggi et al. (2004), Righetti (2008), and oth-
ers. In the same time, studies to find an appropriate way of description of the 
vegetation roughness (see, e.g., Kubrak et al. 2008, 2012, 2013) were evalu-
ated. River flows can be described in detail by the Navier–Stokes equation. 
However, in many practical applications it is possible to simplify the model, 
reducing computational and data costs. In engineering applications an as-
sumption of a one-dimensional character of a flow is often used, where all 
state variables refer to averaged quantities. For a channel flow, variables in a 
wide cross-section are averaged over the water depth and width. The com-
mon practical problem is the determination of water profiles in rivers and 
channels. The solution is based on a one-dimensional form of the energy 
equation, or the momentum equation, if the water surface profile varies rap-
idly and is established under a mixed flow regime. Both these equations use 
different velocity-distributions coefficients, whose values are nearly equal, 
but involve different meanings of the frictional losses (Chow 1959, Yen 
2002). 
The expression for the fluid kinetic energy equation as a function of 
mean velocity requires the energy coefficient 	 (also termed as the Coriolis 
coefficient or the Saint Venant coefficient) to be introduced. In the case of 
the momentum equation it is the momentum coefficient  (also termed as the 
Boussinesq coefficient). These coefficients might be elaborated on account 
of velocity measurements or an assumed velocity profile with depth. Fenton 
(2005) stated that neglecting these coefficients in hydraulic calculations of 
an open channel flow might introduce an error of 5-10%. The presence of 
vegetation within a channel causes a distortion of a flow field, which is 
shaped by plant heights, spacing geometrical and mechanical properties. If a 
plant height is lower than the water depth, vegetation is considered as short 
and within the flow field at least two layers can be distinguished, namely: 
vegetated and surface ones. This simplified classification is an introduction 
into assessing the vegetation impact on analyzed coefficient values. 
To express the kinetic energy in the channel cross-section using the 
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Similarly, the stream momentum in the channel cross-section, expressed 








  (2) 
where vm is the mean water velocity in the cross-section calculated as  
m = Q/A, Q is the discharge, and A is the cross-sectional area. 
For a uniform velocity field, the energy and momentum coefficients are 
equal to one. On the contrary, the coefficients take values higher than one. 
Analyzing Eqs. 1 and 2 it can be seen that the momentum coefficient  
should be smaller than the energy coefficient 	. Chow (1959) presented val-
ues of the energy and momentum coefficients for natural and artificial chan-
nels of uniform cross-sections. In this study, the reported energy coefficient 
	 =is within the range of  	 > (1.10?2.00), and the momentum coefficient sat-
isfies the following:   > (1.03?1.33). Strauss (1967) stated that the energy 
and momentum coefficients are functions of a velocity profile over the depth 
and a cross-sectional shape, parameterized with lengths of the bottom and 
slope. For wide, rectangular channels, the coefficient values are mostly de-
termined only by the velocity profile over the depth (Rehbock 1922). In the 
literature there is a lack of information concerning values of these coeffi-
cients for uniform channels with vegetation. 
This article accounts for the determination of the energy and momentum 
coefficients in a rectangular, wide channel with a short vegetation simulated 
with stiff and flexible stems, as well as with plastic imitations of the Canadi-
an waterweed (Elodea Canadensis sp.). The outcome and the main novelty 
of the research are methodological grounds to improve accuracy of one-
dimensional flow routing models of partly vegetated channels, used to solve 
practical problems like calculations of water depths in drainage-irrigation 
systems.  
The application of the rectangular channel allowed to exclude the effect 
of the channel cross-section shape on the velocity profile and as a result on 
the computed coefficients. The values of energy and momentum coefficient 
were determined in three sets: for vegetation and surface layers, and for the 
total cross-section. As a result it was possible to assess the energy and mo-
mentum coefficients for a velocity field affected by the presence of vegeta-
tion, also in a free region when values were computed for a surface layer. 
The common approach in practical studies, involving a one-dimensional 
modeling of water profiles, is an assumption of a zero flow in a vegetation 
layer. The article is based on laboratory experiments whose results were al-
ready presented by Kubrak et al. (2008, 2012, 2013), wherein they were 
used to verify the model of the velocity profile for a channel with different 
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elements imitating vegetation. The methodology and outcomes of laboratory 
experiments are given here briefly. 
2. EXPERIMENTAL  INVESTIGATIONS 
The hydraulic experiments were settled in the Hydraulics Laboratory of the 
Warsaw University of Life Sciences – SGGW. The laboratory channel is 
characterized by a straight run with an adaptable slope, a rectangular cross-
section, and the following dimensions: the length of 16 m, width of 0.58 m, 
and height of 0.60 m (Fig. 1). The measurements were conducted for steady 
flow conditions, in the channel with elements simulating the stiffness and 
flexibility, as a result of the pressure force of a stream on vegetation. 
The vegetation was simulated by: 
 Stiff wooden stems of a cylindrical shape (Fig. 2a), diameter  
d = 0.0022 m  and a height of 0.11 m (Kubrak 2007). 
 Flexible stems, made from the PVC, of the elliptical shape, diameters  
d1 = 0.00095 m, d2 = 0.0007 m, and a height of 0.165 m (Fig. 2b); with a 
mean value of elasticity modulus  E = 3630 MPa, determined on the basis 
of measurements performed with the strength testing machine – 
INSTRON 5582 (Kubrak 2007). 
 Artificial plants imitating the Canadian waterweed (Elodea Canadensis 
sp.), made of a PVC with a height of 0.11 m, presented in Fig. 2c 
(Wójtowicz et al. 2010, Kubrak et al. 2013). 
The vegetation models were installed on a plate of the  ks = 0.0001 m  
roughness height. The mounting nodes were organized in squares of the side 
length s (Fig. 3). Two horizontal components of mean velocities (longitudi-
nal and transversal) were measured with the use of a programmable electro-
magnetic liquid velocity meter (PEMS) manufactured by Delft Hydraulics. 
The velocity measurements were made for two channel slopes: i = 0.0087  
and  i = 0.0174. The experimental variants are set up in Table 1. 
Fig. 1. The layout of the experimental flume. 




(a) (b) (c) 
Fig. 2. Setup of plant models in the laboratory channel: (a) stiff elements, (b) flexi-
ble elements, and (c) submerged elastic elements of artificial plants simulating Ca-
nadian waterweed (Elodea Canadensis sp.). Photos acquired from Kubrak (2007) 
and Wójtowicz et al. (2010). 
Fig. 3. The artificial vegetation pattern and the placement of measure cross-sections 
and velocity measure points. 
The water discharge was measured with the electromagnetic flow meter, 
situated at the inflow pipe. The water depth was captured with 0.1 mm accu-
racy. The water level was controlled with a gate, placed at the channel end 
(Fig. 1). 
Examples of measured and calculated velocity profiles, taken above the 
stiff and flexible stems, are presented in Fig. 4. Profiles were modeled, bas-
ing on the mixing length concept (Kubrak 2007, Kubrak et al. 2008, 2013). 
Because of the high agreement between calculated and measured velocity 
profiles, resulting in high values of the Linear Correlation Coefficient R and 
small differences between calculated and measured values (MRE), the ener-
gy and momentum coefficients were determined taking the calculated pro-
files. 
E. KUBRAK  et al. 
 
1410
Table 1  





Number of stems  
per unit channel area 
m [stems/m2] 
Slope 
i [–] Case 
Stiff stems 
0.015 4032 0.0087 S.1.1 0.0174 S.1.2 
0.030 1008 0.0087 S.2.1 0.0174 S.2.2 
Flexible stems 
0.010 10000 0.0087 E.1.1 0.0174 E.1.2 
0.020 2500 0.0087 E.2.1 0.0174 E.2.2 
Elements simulating 




Fig. 4. The calculated and measured velocity profiles: (a) in the channel with stiff 
stems, and (b) in the channel with flexible stems. 
Integration of velocity over the cross-sectional surface A was done using 
a grid method (Hulsing et al. 1966), where the flow field is discretized with 
the Cartesian grid. For greater accuracy, the size of the grid should be chosen 
as small as possible and here it always was below 0.0025 m. Assuming that 
the effective velocity through each grid is equal to that at the center of gravi-
ty of the grid, the quantities dA, 2dA, and 3dA are computed. The val- 
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Fig. 5. Vertical profiles of the velocity in the channel used in energy 	 and momen-
tum  coefficients calculations; vi is the velocity at the center of gravity of the grid,  
h – height of the submerged stiff or deflected elements, vme – mean velocity in layer 
with elements, vmu – mean velocity in layer over elements, and vm – mean velocity in 
profile. 
ues of 	 and  are computed according to Eqs. 1 and 2. As the flow field sig-
nificantly differs in the layer of vegetation and above, the calculations were 
performed separately for each layer and also for the whole profile (Fig. 5). 
The coefficients determined for the surface layer reflect the values used in 
practical applications of the one-dimensional water depth modeling where a 
flow through vegetation layer is neglected. 
3. RESULTS  OF  CALCULATION  AND  DISCUSSION 
Examples of velocity profiles shaped by stiff stems for which, i.e., coeffi-
cients were determined are presented in Fig. 6. Computed energy and mo-
mentum coefficients for vegetation layer, upper layer over elements and a 
total flow area as a function of the ratio of mean velocities of surface and 
vegetation layers, vmu/vme, are presented in Figs. 7 and 8. The numerical val-
ues used in the plots (Figs. 7 and  8) are set together in Table 2. 
Figures 6-8 show that the energy 	 and the momentum  coefficients in-
crease with a variation of the velocity profile. The velocity distribution in the 
vegetated layer for elements simulating the Canadian waterweed have a sim-
ilar shape as those for stiff stems: just above a bottom the velocity signifi-
cantly increases to become uniform for the major part of the vegetated layer 
and again increases while getting closer to a top of elements. The height of 
the constant velocity zone decreases with reduction of elements’ density and 
the ratio of water depth and the element height H/h. For smaller elements’ 
densities, the velocity in a constant zone is higher, which results in a more 
even profile (Fig. 6). That explains why energy 	 and momentum  coeffi- 
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Fig. 6. Computed velocity profiles for flume with stiff elements (cases S.1.1, S.1.2, 
S.2.1, S.2.2) used for calculation of energy 	 and momentum  coefficients. 
cients for dense elements spacing reach higher values and are characterized 
by stronger variation than for the surface layer. 
The highest variation of the velocity occurs when the total flow area is 
considered and increases with the flow depth. This is seen in the energy and 
momentum coefficients values, which follow this schema: they are highest 
for the total flow area and increase with a flow depth. 
The variation of the flow profile decreases with an increase of plant 
spacing. For spacing of  m = 4032 stems/m2  with a flow depth and the stiff 
stems height ratio of  H/h > (1.17?2.19), the relationship of a mean velocity 
in the surface and vegetation layer is in the range of  mu/me > (2.00?4.01). 
The corresponding values of the energy coefficient are in the range  	 > 
(1.44?2.29). In the surface layer, where the velocity variation is the lowest, 
the energy coefficient is within the range of  	 > (1.04?1.13). In the vegeta-
tion layer, where usually an even velocity distribution is presupposed, values 
of 	 coefficients appeared to be higher than in the surface layer and fall  
within  	 > (1.05?1.42). An increase in the spacing of stiff stems from  
m = 4032 stems/m2  to  m = 1008 stems/m2  causes a reduction of the velocity 
profile variation, characterized by the velocity ratio  mu/me > (1.42?2.04).  
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Fig. 7. Computed energy 	 coefficients in relation to the quotient of mean velocities 
in layer with stiff elements, over elements and the mean velocity in profile (cases 
S.1.1, S.1.2, S.2.1, S.2.2), where me is the mean velocity in layer with elements,  
mu – mean velocity in layer over elements, and m – mean velocity in profile. 
Consequently, the values of the energy coefficient are reduced to  
	 > (1.12?1.46)  for the total flow area and  	 > (1.01?1.10)  for the surface 
layer. In a vegetation layer, the energy coefficient is in the scope of  
	 > (1.02?1.15)  and slightly surpasses values reported in the surface layer. 
The highest values of the momentum coefficient,  > (1.12?1.40), are 
recorded for the total flow area in a channel with stiff stems of  m = 
4032 stems/m2 spacing. The increase of the spacing to  m = 1008 stems/m2  
reduces the momentum coefficient to the range of   > (1.04?1.15). In the 
vegetation and surface layers the values of the momentum coefficient are 
close to unity:   > (1.00?1.05). 
         Case S.1.1 - m  = 4032 elem./m2,  i  = 0.0087 















































Case S.2.1 - m  = 1008 elem./m2,  i = 0.0087 















































E. KUBRAK  et al. 
 
1414
Fig. 8. Computed momentum  coefficients in relation to quotient of mean velocities 
in layer with stiff elements, over elements and mean velocity in profile (cases S.1.1, 
S.1.2, S.2.1, S.2.2), where me is the mean velocity in layer with elements, mu – 
mean velocity in layer over elements, and m – mean velocity in profile.  
The results presented in Figs. 7 and 8 suggest that the energy and mo-
mentum coefficients depend on the water height above the vegetation and 
they are not influenced by the channel bottom slope.  
A similar dependence was constructed for flexible stems (m = 
10000 stems/m2, m = 2500 stems/m2) and for plastic imitations of the Cana-
dian waterweed (m = 507 stems/m2). The calculated ranges of the energy and 
momentum coefficients as a function of water depth H and the plant height 
ratio h are presented in Table 2. The results for all investigated plant models 
are shown in Figs. 9 and 10. 
 Case S.1.1 - m  = 4032 elem./m2,  i  = 0.0087













































Case S.2.1 - m  = 1008 elem./m2,  i = 0.0087 

























































E. KUBRAK  et al. 
 
1418
Fig. 9. Calculated energy 	 coefficients for the velocity profile in the channel and re-
lation between coefficients for different types of artificial vegetation: stiff, flexible 
stems, and plastic imitations of the Canadian waterweed (Elodea Canadensis sp.). 
Total flow area. The highest values of the energy coefficient, falling in 
the range of  	 > (1.79?2.85), were obtained for a total flow area with flexi-
ble stems of  m = 10000 stems/m2  spacing (E.1.1 and E.1.2). Meanwhile, the 
lowest values of the energy coefficient for the total flow area, in the range of 
	 > (1.12?1.49), are reported for high spacing of both stiff and flexible 
stems, respectively, m = 1008 stems/m2  and  m = 2500 stems/m2 (S.2.1, 
S.2.2 and E.2.1, E.2.2). The energy coefficient for the artificial Canadian wa-
terweed was within the range of  	 > (1.40?1.74). 
As the energy coefficient, the momentum coefficient  reached the high-
est values of   > (1.21?1.52)  for flexible stems of  m = 10000 stems/m2  
spacing. The lowest values of the momentum coefficient, in the range of  
 > (1.04?1.15), correspond to the total flow area for high spacing of both 
stiff and flexible stems. The momentum coefficient for the artificial Canadi-
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Fig. 10. Calculated momentum  coefficients for the velocity profile in the channel 
and relation between coefficients for different types of artificial vegetation: stiff, 
flexible stems, and plastic imitations of the Canadian waterweed (Elodea Canaden-
sis sp.). 
Vegetation layer. Values of the energy coefficient calculated only for 
the mean velocity in a vegetation layer, were significantly lower from those 
for the total velocity profile. There were no strong differences between the 
energy coefficient determined for stiff or flexible stems and it did not exceed 
the value of 1.42. Values of the energy coefficient 	 calculated for the Cana-
dian waterweed were close to unity. A similar behavior is shown by the 
momentum coefficient  for the vegetation layer, for all types of plant mod-
els. 
Surface layer. Values of the energy coefficient for the surface layer 
were close together in all experimental variants and did not exceed the value 
of 1.19. The corresponding value of the momentum coefficient did not ex-
ceed 1.05. 
As it is shown in Figs. 7-9, the highest values of the energy and momen-
tum coefficients for the total flow are found for densely spaced flexible 
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stems. These values are higher than those given by Chow (1959) for regular 
channels without vegetation. Only coefficient values for the total flow with 
stiff stems were found slightly smaller. Decrease of elements spacing density 
reduces the coefficients values to the point where they are equal for all ana-
lyzed element types. 
The calculated values of the energy and momentum coefficients for the 
total flow area were related to each other (Fig. 11), which allowed to estab-
lish a linear relationship between the coefficients: 
 20.27 0.75 , ( 0.98) , = 	+ R   (3) 
or 
 3.70 2.78 .	 =    (4) 
By analogy, the similar relationship was identified for the vegetation layer 
(Fig. 11). 
Fig. 11. The relationship between the energy 	 and momentum  coefficients calcu-
lated for the vegetation layer for stiff, flexible stems, and plastic imitations of the 
Canadian waterweed. 
Surface layer
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4. CONCLUDING  REMARKS 
The analysis of calculated values of the energy 	 and momentum  coeffi-
cients for the rectangular channel with stiff, flexible stems, and plastic imita-
tions of the Canadian waterweed, allows to state that: 
 The energy and momentum coefficients depend on the velocity varia-
tions. The highest velocity variability is obtained in the total profile, 
smaller in vegetated layer, and the smallest in the surface layer. There-
fore, the highest values of the energy 	 and momentum  coefficients 
characterize the total flow area, whilst the smallest a surface layer above 
stiff and flexible elements. 
 For the plastic imitations of the Canadian waterweed, the highest velocity 
variability is found in the surface layer.  
 With an increase of plant spacing, the shape of the velocity profile in the 
vegetation layer gets closer to that in the surface layer; as a result of a ve-
locity variation reduction, also values of the energy and momentum coef-
ficients are reduced.  
 The energy and momentum coefficients do not depend on the channel 
slope. 
 The energy and momentum coefficients were related to linear regression 
relationships 3 or 4. Analogical relationships were elaborated for the 
vegetation and surface layer. 
 In models of one-dimensional channel flow for partly vegetated flow area 
a higher energy and momentum coefficient values than those given by the 
present literature should be used. For fully vegetated flow areas, these co-
efficients should be close to a unity. 
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